Misan Journal for Academic studies 2017 < dungalsUlEsbulyall juunal=an

Numerical Solution of Volterra Integral Equation with Delay by Using Non-
Polynomial Spline Function

Assist Lecturer .Adhra’a M.Muhammad
College of Basic Education, University of Misan,
E-mail:adhraa85 @yahoo.com

Abstract:

In this paper the non-polynomial spline function which include (first kind and
second kind) will be applied to Volterra integral equation with delay. Moreover,
programs for each types are written in MATLAB language. A comparison
between two types has been made depending on the least squares errors.
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1. Introduction:

Volterra integral equation arise in awide variety of Mathematical, scientific and
engineering problems [2].

Many researchers studied and discuss the using of non-polynomial spline to
solve Volterra integral equation, Hermann Brunner [1] in 1982 introduced the Non-
polynomial spline collocation for Volterra equation with weakly singular kernels.
Sarah H.Harbi [14] in 2013 introduced algorithms for solving volterra integral
equations using non-polynomial spline functions. Muna M. Mustafa and Sarah H.
Harbi [11] in 2014 is used solution of second kind Volterra integral equation using
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non-polynomial spline function. Sarah H.Harbi, Mohammed A. Murad and
Saba N. Majeed [12] in 2015 presented a solution of second kind volterra integral
equation using third order non-polynomial spline function.

Also, volterra integral equation with delay. Baruch Cahlon [3] in 1990 study
on the numerical stability of Volterra integral equations with delay argument.
George Karakostas,|.P.Stavroulakis and Yumiwv [4] in 1993 presented osciliations
of Volterra integral equation with delay. Vilmos Horvat [5] in 1999 solved on
collocation methods for Volterra integral equation with delay arguments. Daniel
Franco and Donalo Regen [6] in 2005 give solution of Volterra integral equation
with infinit delay. Muna M. Mustafa and Thekra A. Latiff Ibrahem [7] in 2008
studied numerical solution of volterra integral equation with delay using block
methods. Ishtiaq Ali, Hermann Brunner and Tao Tang [8] in 2009 presented spectral
methods for pantograph type differential and integral equations with multiple
delays. M. Avaji, J.S.Hafshejani, S.S.Dehcheshmeh and D.F.Ghahfarokhi [9] in
presented solution of delay volterra integral equation using the vaolational iteration
method.Jose R.Moraies and Edixon M.Rojas [10] in 2011 discussed hyers-ulam and
hyers-ulam-rassias stability of nonlinear integral equation with delay. Parviz
Darania [13] in 2016 studied multistep colloction method for nonlinear delay
integral equation. In this paper a solution of Volterra Integral Equation with delay
are introduced using non-polynomial spline function.

2. Non-polynomial Spline Function Methods: [14]

Consider the partition A={t,,t;,t,,...,t,,} Of [a, b] c K.Let S (A) denote
the set of piecewise polynomials subinterval I; = [t;,t;,,] of partition A . Let u (t)
be the exact solution, this new method provides an approximation not only for u(z;)
at the knots but also u™ (t;) , n=1,2,...,at every point in the range of integration.
The non-polynomial spline function, obtained by the segment p.(t). each non-
polynomial spline of n order p,(t) has the form:
p;(t) = a,cosk(t—t,)+ b, sink(t—t, )+ -+ 7y, (t—t, )" + z;
(1)
Where a;,b;,...,v; and z;constants k is the frequency of the trigonometric

functions which will be raise the accuracy of the method.
Now to introduce different of non-polynomial spline functions, linear non-
polynomial spline function, the span of linear is x3, quadratic non-polynomial

spline functions, the span of linear is x* .
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2.1 Linear Non-Polynomial Spline Function [14]:
The form of the linear non-polynomial spline function is:
p;(t) =a,cosk(t—t;)+ b, sink(t—t,)+c, (t—t;) +d; , 1= 0,...,n
2
\(N)here a;,b; ,c;,and d, are constants to be determined . In order to obtain the
value a, ,b, ,c;and d; we differentiate equation (2) three times with respect to t,
then we get:
p/(t) = —ka;sink(t —t;) + kb,cosk(t —t;) + c;
p!'(t) = —k*a;cosk(t —t;) — k*b;sink(t _Li) (3)
p (1) = kPa;sink(t —t;) — k3b;cosk(t —t;)
Hence replace t to t; in the relation (2) and (3) yields:
p;(t;)=a; +d,
p;(t;)=kb; +c;
p/'(t;)=—k’q,
() = —kh,
From the above equation, the values of a;,b;, c;,and d; are obtained as follows:

a; =~z pi'(t)
@)

b, =——p7(t)
5)

¢; = p;(t) + kb,

(6)

d; =p;(t;)+a;

W

Fori1=0,1,...,n

2.2 Quadratic Non-Polynomial Spline Function [14]:
The form of the quadratic non-polynomial spline function is:
Q,(t) = a; cosk(t —t;) + b, sink(t —t;)+c,(t—t;)+d; (t —t;)* + e
(8)
Where a, ,b; , c;,d; and e; are constants to be determined. In order to obtain the
value a; , b, , c;,d; , and e; , we differentiate equation (8) four times with respect to t,
and then we get the following:
]
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Q/(t) = —ka;sink(t —t,) + kb;cosk(t —t;) + c; + 2d; ((t — t;)

Q!'(t) = —k*a;cosk(t —t;) — k*b;sink(t — t;) + 2d,

Q¥ (1) = k3a;sink(t —t;) — k3b,cosk(t —t,) (9)
QY () = k*a,cosk(t — t;) — k*bsink(t — t,)

Hence replace t to t; in the relation (8) and (9) yields:

Q(t;)=a; +eg

Q;(t;)=kb; +c;

Q/'(t;)=—k?a; +2d,

QF(t) = —k*b,

QV(t,) = k*a,

From the above equation, the values of a;,b;,c;,d;,ande; are obtained as
follows:

a; = ﬁ Qi[4}( t:)
(10)
b =——07(t)
(11)
¢ = QI(t)+= & (t,)
(12)
d; = 2(Q/'(t) + = 0 (1)
(13)
€; = Qi(ti:}_ﬁ Qi(4}(ti}
(14)
Fori=0,1,...n

3. The Solving Method:
Consider the Volterra integral equation with delay of the second kind:

u(x) = f(x) + f;ck(x, u(t — 1)dt ., 0=x<=X
(15)
u (X)=¢@(x) , XE [—1,0)

Where t positive constant, u (x) is the unknown function and f(x), @(x), k(x,y) are
given function, this type of integral arises in certain application to impulse theory
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[3]. In order to solve (15), we differentiate (15) four times with respect to x, by using
Libenze formula, to get:

u(x)=f'(x)+ f:% u(t — 1)de + k(x, x)u(x — 1)

(16)
u'(x)=f"(x)+ f:%u(t T)dt + (ak[x ﬂ}t_x (x —1) + ak;j:x} u(x —
)+ k(x,)u' (x — 1)
17)
u®(x) =
FO@) + [Ty (e - ryde + (22 ule — 1) + = (D) (e —
:}+(ﬁk[xt} o (x— :H_a k(xx} ( _ :}_I_zﬂk[xx} ,( —D+
k(x,x)u”" (x —1)
(18)
£ (x }+f T - nde+ (D) a1 + = () w1 +
Dy, (1) + 2 (2D ﬂ}m -0 +22 ("’”‘“‘” ’*}}H G-+
(ak[xt}}t_x " (x — _r}_l_a k{xx}u T }+36 k[xx} ' (x — }+3ﬂk{xx} w' (x —
)+ k(x,x)u" (x—1)
(19)
To complete our procedure for solving eq(15), we substitute x=a in eq(15)-(19), then
we get:
u, = ula) = f(a)
(20)
Uy =u'(a) = f'(a) + k(a,a)u(a—1)
(21)

ﬁk(x ) ﬁk[x x)

—x=gU(@a—1) +

ug =u'(a) = f(@)+ ((_ De=n)x=attl@—1) +(
k(a,a)u’(a— 1)

(22)
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= u® (@) = F@ (@) + (2, ) qula— 1) + E22),_ula—1) +
< r:""“(”“ﬂ)t_x)x =D+ () )t (-1 + 22 ux -
)+ Z[BH'XXJ]X JUa—1)+Ek(a,a)u” (a—1)

(23)

um =u*(a) =

f{4][ :]‘I- {:{:ﬂ k(. t)
(ﬂzﬁ:(xﬂ

a2 F.:(xt]

Jt xjx au[ﬂ_Tj + (_[
Yol r:a D+ (o EED), ), au(a—r::+

2 D), et (a—1) + r:r:a“" D et (@—T) +
ﬂk(xx]

g2 F.:{xx] a2 F.:(xx]

)t x)x au[a - Tj +

(( jt x)x au[a_ T) + 3[ )x all (ﬂ, Tj + 3( )x all ”(ﬂ
T)+ k(a, a)u'"'(a— 1)

(24)

4. Algorithms:

The following algorithms (linear and quadratic non-polynomial spline
function) for solving Volterra integral equation with delay:-

4.1 The Algorithm (VIE2NPS1):

Step 1:

Set h= (b-a)/n, t,=t, + ih, i=0,..., n,(where t, = a, t,=Db)and u, = f(a).
Step 2:

Evaluate a,, b,, c, and d, by substituting (20)-(24) in equations (4)-(7).
Step 3:

Calculate p, (t) using step 2 and equation (3).

Step 4:

Approximate u; = p,(t,).

Step 5:

For i=1 to n-1 do the following steps.

Step 6:

Evaluate a,, b;, c; and d; by using equations (4)-(7) and replacing. U
(&), u'(E),u'" () and u'"" (t,) by p; (£:), p," (), p,"" (t;) andp, " (t,).
Step 7:

Calculate p; () using step 6 and equation (3).

138



Misan Journal for Academic studies 2017 K< ansalsyléibwlall jluynal=n

Step 8:
Approximate ;. ; = p;(t;+1)-
4.1 The Algorithm (VIE2NPS2):

Step 1:

Set h= (b-a)/n, t~=t,+ih, i1=0,..., n, (where t,=a,t,= b) and
U = f(a).

Step 2:

Evaluate a,, by, ¢, , dyand e, by substituting (20)-(24) in equations

(10)-(14).

Step 3:

Calculate p, (t) using step 2 and equation (8).

Step 4:

Approximate u; = p,(t,).

Step 5:

For i=1 to n-1 do the following steps.

Step 6:

Evaluate a,, b;, c;, d; and e, by using equations (20)-(24) and replacing. u

(), w' (&), u'" (g,),w'" (¢ )and u™) (¢,) by P;

(td), v/ @), @), p,"" (t,) and p, ) (z,).

Step 7:

Calculate p;(t) using step 6 and equation (8).

Step 8:

Approximate u;,; = p;(t;+1)-

5. Test Examples:
In this section, we give some of the numerical examples to illustrate the above
methods for solving the Volterra integral equation with delay.

The exact solution is known and used to show that the numerical solution
obtained with our methods is correct. We used MATLAB v 7.10 to solve the
examples.

Example 1: Consider the following Volterra integral equation with delay [7]:
u(x)=e* —x(1/et +e* T+ (x — 1))+ f;[x t) u(t — 1)dt (25)

Where u(x) =1 +Z+%  x € [~1,0)

With the exact solution u(x) = e* .
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Table (1): Exact and numerical solution for example (1)
Where p;(x) denotes the approximate solution using non-polynomial spline

function, with h=0.1

X Exact px)
solution Linear | Quadratic
0 1 1.0000000000 | 1.0000000000
00000 00000
0.1 1.10517091807 | 1.105228445332 | 1105141225650
5648 284 530
0.2 | 1.22140275816| 1.221791517640 | 1.221063397768
0170 614 386
0.3 | 1.34985880757 | 1.350918922611 | 1.348361704741
6003 075 052
0.4 | 1.49182469764| 1.493714827271 | 1.487423443384
1270 005 161
0.5 | 1.64872127070| 1.651146827517 | 1.638424149199
0128 052 733
0.6 | 1.82211880039| 1.824036280216 | 1.801325842483
0509 817 466
0.7 | 2.01375270747| 2.013050096482 | 1.975877407805
0477 538 384
0.8 | 2.22554092849 2.218694078115 | 2161617103072
2468 707 210
0.9 | 2.45960311115| 2.441307863802 | 2.357877173101
6950 668 727
1 | 271828182845 | 2.681061535557 | 2.563790521611
9046 130 826

Example 2: Consider the following Volterra integral equation with delay:
u(x) = sin(x — 1) + sin(1) + sinx — xcos(1) + f;(x —t)ult — 1)dt
(26)

With u(x) = x —’;— X € [-1,0)

Where the exact solution u(x) = sinx .
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Table (2): Exact and numerical solution for example (2)
Where p;(x) denotes the approximate solution using non-polynomial spline

function, with h=0.1

X Exact pi(x)
solution Linear | Quadratic
0 0 0 0
0.1] 0.09983341| 0.09986735731 | 0.099868051
6646828 5368 528372
0.2 0.19866933| 0.19877791299 | 0.198789009
0795061 9978 306851
0.3] 0.29552020| 0.29570311674 | 0.295759198
6661340 5105 266039
0.4] 0.38941834| 0.38963425522 | 0.389811087
2308651 2335 556149
0.5 0.47942553| 0.47959253081 | 0.480022957
8604203 3702 795431
0.6 | 0.56464247| 0.56463884143 | 0.565528110
3395035 3945 585558
0.7 0.64421768| 0.64388316372 | 0.645523528
7237691 8112 2175526
0.8 0.71735609| 0.71649344589 | 0.719277897
0899523 0723 448583
0.9] 0.78332690| 0.78170392125 | 0.786138915
9627483 2371 964148
1 | 0.84147098| 0.83882275956 | 0.845539810
4807897 7154 945178

6. Conclusion:

In this paper, non-polynomial spline function method for solving Volterra integral
equations with delay of the second kind is presented successfully. According to the
numerical results which obtain from the illustrative example, we conclude that:

¢ The approximate solutions obtained by MATLAB software show the validity
and efficiency of the proposed method.

¢ The method can be extended and applied to nonlinear Volterra integral
equation.
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¢ The method can be extended also for solving nonlinearVolterra integro
equation of nth order.
References:

[1] Hermann Brunner,"Non-polynomial Spline Colloction for Volterra Equation with Weakly
Singular Kernels"; SIAM J-Numer.Anal, 20(6), 1106-1119, 1982.

[2] BaruchCahlon and Louis J.Nachman,”"Numerical Solution of Volterra Integral Equations with a
solution Dependent Delay"; Journal of Mathematical Analysis and Applications, 112,541-562,
1985.

[3] BaruchCahlon, "On the Numerical Stability of Volterra Integral Equations with Delay
Argument";Journal of Computational and Applied Mathematics, 33,97-104, 1990.

[4] George Karakostas, 1.P.Stavroulakis and Yumiwn,"Osciliations of Volterra Integral Equation
with Delay "; Tohoka. Math.J.583-605, 1993.

[5] Vilmos Horvat,"On Colloction Methods for Volterra Integral Equations with Delay
Arguments”, Mathematical communications, 4, 93-109, 1999.

[6] Daniel Franco and O’Regan, "Solution of Volterra integral equations with infinit Delay ",
2005.

[7] Muna M.Mustafa and Thekra A.Latiff lbrahem, "Numerical solution of Volterra Integral
Equations with Delay Using Block Methods ", AL-Fatih Journal.No.36, 2008.

[8] Ishtiag Ali, Hermann Brunner and Tao Tang,"” Spectral Methods for Pantagraph-Type
Differential and Integral Equation with Multiple Delays";Front. Math. China, 4(1), 49-61, 20009.

[9] M.Avaji,J.S.Hafshejani,S.S.Dehchesmeh and D.F.Ghahfarokhi;" Solution of Delay Volterra
Integral Equation Using the Variational Itreation Method";Journal of Applied Sciences,12(2),196-
200,2012.

[10] Joser Morales and Edixon M.Rojas; "Hyers-Ulam and Hyers-Ulam-Rasstas Stabilty of
Nonlinear Integral Equation with Delay"; Int. J. Nonlinear Anal. Appl. 2 (2011) No.2, 1-6, 2011.
[11] Muna M. Mustafa and Sarah H.Harbi;"Solution of Second Kind Volterra Integral Equations

Using Non-polynomial Spline Function™; Baghdad Science Journal, Vol.11, No.2, 2014.

[12] Sarah H.Harbi, Mohammed A.Murad, Saba N.Majeed; "A Solution of Second Kind Volterra
Integral Equations Using Third Order Non-polynomial Spline Function "; Baghdad Science
Journal, Vol.12, No.2, 2015.

[13]Parviz Darania "Multistep Colloction Method for Nonliear Delay Integral Equation”
(SCMA), Vol.3, No.2, 47-65, 2016.

[14] Sarah H.Harbi;" Algorithms for Solving Volterra Integral Equations Using Non-polynomial
Spline Functions " Thesis, University of Bahdad, 2013.

142



