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Abstract:

In this paper, we studied the non-stationary incompressible Navier-Stokes
problem in two-dimensional domain by using mixed finite element method. By
using the Linearized Crank-Nicolson-Galerkin Method we found the weak form to
the above problem which is then improved to the approximate solution. These
estimates are then applied to obtain quasi-optimal error analysis in the energy norm

for velocity, pressure and velocity with pressure.
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1. Introduction

The classical numerical method for partial differential equations is the
difference method where the discrete problem is obtained by replacing derivatives

with difference quotients involving the values of the unknown at certain points.

The finite element method is a numerical analysis technique for obtaining
approximate solutions to a wide variety of problems in mechanics and physics[5].
Although originally developed to study stresses in complex airframe structures, it
has since been extended and applied to the broad field of continuum mechanics.
Because of its diversity and flexibility as an analysis tool, it is receiving much
attention in engineering schools and in industry. In this method, the discretization
procedures reduce the problem to one of a finite number of unknowns by dividing
the solution region into elements and by expressing the unknown field variable in
terms of assumed approximating functions within each element. The
approximating functions (sometimes called interpolation functions) are defined in
terms of the values of the field variables at specified points called nodes or nodal
points[9].

Mixed finite element methods are one of the important approaches for solving
system of partial differential equations, for example, the stationary Navier-Stokes
equations. However, fully discrete system of mixed finite element solutions for the

stationary Navier-Stokes equations is of many degrees of freedom[8].

1.1 Notation
Let Q be an open and bounded domain in R?with Lipschitz continuous

boundary 1 .Throughout this paper we will use the standard notation for Sobolev
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spaces. Specially H'(Q), where r is an integer greater than zero, will denotes the
Sobolev space of real-valued functions with square integrable derivatives of order
up to r equipped with the usual norm which we denote |-| . We will denote
H°(Q)by L*(©) and the standard L2 inner product by (.-). Also H"(Q)will denote

the space of vector-valued functions each of whose n components belong to

H'(Q)and the dual space of H'(Q)will be denoted by H"(2).Of particular interest

to us will be the constrained space see [9]

v :[Hé(Q)]Z = {V:(Vllvz):vi eHg, i :1’2}

and

Q={qeLz(Q):£q dX=0}

1.2 The weak formulations

We are interested in approximating the solution of the Navier—Stokes
equations written in the primitive variable formulation of the velocity u=(u,,u,)
and the pressure p. In particular, we consider the steady Navier—Stokes equations,

see [3].

aat—u+u.Vu—eAu +Vp=f in Q (1.1a)
V-u=0 in Q (1.1b)
u=0 onaQ=r (1.1c)

where and f e H'is given the body force per unit mass. In the following exposition

represent to e is the inverse Reynolds number.
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Multiplying (1.1a) and (1.1b) by vev and qeQ, respectively, as a test

functions and take integral over Q

gj;gt—uvdx—ieAu vdx+SJ;(Vu)u vdx+£_[vadx:£f vdx;veV,
Idivu qdx=0; qeQ,
Q
by using Green's formulation

Ia—uvdx+ef vu Vvdx—lfu2 Vvdx—jp div vdx=jf vadx ,
Qat Q 20 Q Q

jdivu gdx=0.

Q

We consider the following standard weak formulation of non- steady: seek

(u, p)eV xQ such that
(u,v)+a(u,v)=n(u,u,v)-b(v, p)=(f,v); veV, (1.2a)

b(u,q)=0; qeQ, (1.2b)

where

a(u,v)= ejVu Vv dx,
Q

n(u,u,v):%ju2 Vvdx,
Q

b(u, q)zfdivu q dx.
Q

Continuity of the forms a(--),n(---) and b(,-) can be demonstrated. These

conditions guarantee the existence and uniqueness of a solution (u, p) [3].
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1.3 The Fully-Discrete Approximation

Now we turn our attention to some simple schemes for discretization with

respect to the time variable.
1.3.1 Crank-Nicolson-Galerkin Method for Weak Formulations

Letting z be the time step and u" the solution in v of u(-t,),n=12,---,N, at

t=t =nz. This method is defined by replacing the time derivative u,in problem

(1.2) by backward differences quotient M and theu and p by differences
T

n n-1 n n-1
quotient g‘%) and £%)With the corresponding discretization error is

n n-1 n n-1 n n-1 n n-1 n n-1
wou e O fureu wea Y plep =(f(t”)+f(t“),vj |
T 2 2 2 2 2

;weV, n=1---N (1.3a)

b(uuunl,quo ;VqeQ (1.3b)

1.3.2 Linearized Crank-Nicolson-Galerkin Method for Weak Formulations

Problem (1.3) shares, however with backward Euler method discussed first
above, the disadvantage of producing, at each time level, a nonlinear system of
problem. For this reason we shall consider also a linearized modification in which

the argument of n(-,-,-) is obtained by extrapolation from u™* and u"?, [2], with
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1(u”—u"‘l,v)+a(U",v)—n(G”,G",v)—b(v,r)“)=(f'(tn),v) ;weV,n=1.--,N (1.4a)
T

b(@",q)=0 ;vqeQ (1.4b)
where
aout+u™ o ph 4 p™t ft,)+ f(t,,)
u = 2 P = 2 ! (tn)_ 2

1.3.3 Linearized Crank-Nicolson-Galerkin Method for Discrete Problem

Given finite dimensional spaces V, <V andQ, cQ where 0<h<1 then the

approximate solution (u,, p,) to (u, p) is the solution of the following problem:

1(u,? —urt v)+al@?, v)-n(a, af,v)-blv, pr)=(f(t,)v) ;wveV,,n=1--,N  (1.5a)
T

b(Uh", q)=0 ; Vg eQ, (1.5b)

The nonlinear equation (1.5a) will be solvable for u" when u"* and u"? are given.

Choosing n(,-,-) at u™* as we did for the back ward Euler scheme will not be

satisfactory here since this would be less accurate than necessary, whereas since

—n 3 n-1 1 n-2 n—% 2
@ =sum—SuT=u +O(r) as 70

the choice just proposed will have the desired accuracy.

2. Abstract Results
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Let v and Q be two real Banach spaces with norms ||, and||-||Q

respectively. Let a(.-) and b(--)eL”be continuous bilinear forms on V xVv and

V xQ respectively [4], n(-,-,-)e L be continuous trilinear form on v xV xVv [8]:

a(uv) <[a]. -Jul, <M, VuveV, (2.1)
)<l M, Yuvev, 2.2
Ib(u, p) < b, -Jull, pl, VueV;vpeQ. (2.3)

we now state several further assumptions which we will require in the proofs

of our main results [4].

(H1) There is a constant o. >0 (a independent of h) such that

a(v,v)> a ||v||5v weZ,,
where Z,={veV,:bv,p)=0, VpeQ,}
(H2) s(h) is a number satisfying |v|, <S(h)v],; VveV,.
(H3) There is a linear operator 11, :Y —V, satisfying
b(y-IT,y,p)=0; vyeY and ¢ecQ,.
Definition 2.1 [6] Cauchy-Schwarz inequalities:

W ] < Vo Wy o W Q2), (2.4)

and

‘(V'W)Hl(ﬂ)‘ < ”V”Hl(Q) ”W”Hl(Q) » V\We HI(Q) ' (25)
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Lemma 2.1 There exists a linear operator 11, : H — H, such that, [5]
(divIT,U,v,)=(divU,v,); Wv, eV,,vUeH,

ITLU -U|<Ch’|u | ; fors=12.
3. Error Estimated

We shall now study the errors u"—u and p" - p; where u" and p"are the
solution of weak form and uy and p; are the solution of the mixed finite element

problem (V, and Q,)

Theorem 3.1 Let u"eVbe the solution of problem (1.4) and uev, is the

approximation solution of problem (1.5). Then, there exists a constant

C >0independent of hand 7 such that:

<C(h" +7). (3.1)

n n
u" —uy

Proof: Let u"-u = (u” —Hhu“)—(u;‘ —Hhu”)zp“ -6"
For each time step n and each norm, we apply the triangle inequality

< 0"

n n
u" —up

+

pn

from Lemma 2.1 p"<Ch" u"

To find a bound on #"term, note that
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Lior -0 p)va(@",0)-n(o",
T

Lur-ur o) +a 67.0)-n 67.07.0)-b (0. p7)

—E(Hh u" —T11, u”‘l,qo)—a(l_[h U“,¢)+n (Hh a", 11, G”,¢)+b(go, ﬁ”).

T

By the definition of interpolation, we have
A(un —Hhu",(o)=0,

also note that

then, we have

%(9" _9“‘1,(p)+a(§”,(p)—n (én,én,qn)—b(@ Pn —ﬁn)Z(f_n' (P)

_%(Hh u" -1, u”’1,¢)+a(1"[h Un,@)_n (Hh a", I, G”,go)—b((p, pn)’

Adding and subtracting (u" —u™,¢) gives,
T

Hor-6mp)+a(e".p)-nl

T
%(un _un—1,¢)_%(l—[hun _Hh un—1’¢)_|_(utn , ¢)_%(un —Un_l,¢)

n1§n’¢)_b(¢, E: _ﬁn)z

=%(p”—p”‘l,(p)+(§”.(p) :

where
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choosing ¢=6" and p; =q"

%( n_en—11§n)+a (én’gn)_

>
_
>)
Q)
=]
D
>
SN—
I

1 1 n n An NN wN n
;(p”—p"_ ") +(&",8")-b(@", p"—q").
By using (2.1), (2.2) and (2.3), and multiplying by 7, we get

I’l n

6"||e" ‘1 pelo <le™lle" (h)z p"—-q"|,
(3.2
applying Young's inequality two sides gives,
Lo+ 1) + o) +ﬁ{ +§“} Ligp + Lo +
2 2 2 2
L 5”2+r[l ? 19” }+
dat 2 2
1 2 1y=n2
sth)o = |p"—q" || +=[@" |,
0 3 [o-a' [+ 2o

choosing s(h)=1= g , and multiplying 2 and rearranging gives

9n2+T An4s en—l 1 égnz —n_qn 2
2art
. TI=nlld
since, —@" =0,
2

then,

n2 n—1 1 n n—12 n2 =n n 2

o' <@ +— | —p | + &Y +7 | P —Q

2ar
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Summing both sides from n=1 to n=N, we get

2+Ti 2’

n=1

gn

ﬁl’] _qn

) N
+7Y
n=1

pn _pn—l

2 2 1 &
"l < 161 + 5, 2
For the second term note that

ty
ph-p"t= [ p dt

g

this implies

pn _pn—l

tn
= J ” Pr ” dt ,
t.

1

thus

n n-1

p"=p

2 tn 2 tn dt 2
S(IHAII‘“J =72[I|| pt||—J :
tha tha v

applying Jensen's inequality (see [1]) to the right hand side

2 dt

t, t,
P [lalf = = [l ol ar .
t, thy

this implies

li n_ nl
_ 2P p

n=1

r

T T
<[ o dt<con [ u;dt= o fu,|
0 0

f<C,h u,

1 &,
— > |p"-p""

20t =

To bound the third term of (3.3), note that

(3.3)

(3.4)
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t, t
then,  r&"=rul - [u dt=(t,~t, )u - [u dt,
thg th

from [ Theorem 3.5.1 (p 38) in [1]], we get | &"|= tj” U dt
andtoo ¢ i & <ofug .
To bound the fourth term of (3.3), note that

p—q" | <c,h?r.

Applying these results to (3.3) gives,

o st(uu,ﬁ’—uOH+C4 Y u°H)2+Cz 2w, +7]

2 N

r +rz C, hir ,
n=1

suppose that h,=h_ =h in this paper, this implies we get

ufl, (3.5)

H oN H < Huﬁ—u0 H+C5 [h'{ | +ul, }+z’ {H Uy,

hence, <C(h" +7).

n n

The proof is complete

Theorem 3.2 Let p"<Q be the solution of problem (1.4) and p! €Q, is the
approximation solution of problem (1.5) then there exists a constant C, >0

independent of h and r such that:

198



anjalsaligbulyall jluunal=n

(3.6)

Proof: Put v=0,v=u" in equations (1.4a) , (1.5a) respectively, then subtracting

the equations we find

: ~(u™t =) / ’ - 3.7)

Let p"—pp =(p"-11,p")-(py -11,0")=p" - x
by using triangle inequality, we have

n

7%

< + 2"

-y

from Lemma 2.1 <Ch" || p"

l//n

To estimate »" from equation (3.7), put u"—ul = p"-6" and p"-pf = " - ;"

1((pn _gn)_(pn—l_an—l)'gn _ﬁn)_n (ﬁn _én, ﬁn _an’gn _ﬁn)_

T
b(gn_ﬁn,l//n_zn)z(fn' gn_ﬁn)
by using the elliptic projection , we get

1( n_en—1,gn)_n(éniénign)_b(gn’Zn)zé(pn_pn—li 9”)—(1?”,5"),

T

by using (2.1), (2.2) and (2.3), and multiplying by 7, we get

2

9” gn en—l gn gn fn gn,

oo 0" +S(h) 7 < +p" = p"*

Zn

+p7

dividing by | 6"

, We get
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—~ 112 —
"+ B0 +S(h)z| 2" <0 |+|p"—p" |+ f"
. ~ 112
since Bz|6"| >0, we get
n 1 n-1 n n n-1 £n
<—— — — f :
X <S(h)r[9 Q|+ |p —p || +T ]
Summing both sides from n=1 to n=N, we have
Sl = g 101102 e -omfe e 310
=1 S(h)T n=1 n=1 ’
from equations (3.4) and (3.5), let 1<n" <N , we get
n* 1 r r £n
P sm[c(h wr)+Ch u |+ )]
Hence, 2" < c,(h 7).
The proof is complete. m

Theorem 3.3 Let (u", p”)erQ is the solution of problem (1.4) and
(ur, pt)eV, xQ, is the approximation solution of problem (1.5), then, there exists a

constant C, >0independent of h and 7 such that:

u" —ug [+l p" - P scg(hr+r). (3.8)

Proof: We can prove this theorem from equations (3.1) and (3.6). m
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