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IS/ [isan fas Abstract:
—\ This paper focused on Riemannian curvature tensor R of
Misan Journal of cadenmic Studis Cy —manifolds. The components of covariant derivative of R
determined on the space of G —structure. There are fifteen non-zero
ceoe of such components and the others components given by the

symmetry property and Bianchi identity of R. According to these

ISSN (Paper) 1994-697X components, the conditions on curvature tensor R of Cy —manifolds

ISSN (Online) 2706-722X to be has inheritance symmetry established. These conditions
summarized by five equations that have common arbitrary scalar
function ¥.

DOI" Keywords: Symmetry of Riemannian spaces, Almost contact

https://doi.org/10.54633/233 manifold, Riemannian Curvature tensor.

3-023-049-005 1. Introduction:

In 1990, Chinea and Gonzalaz classified the almost contact
metric manifolds into many classes (Chinea and Gonzalaz, 1990).
One of these classes is a Co —manifold where its geometry studied by
(Rustanov et al., 2019). There are another important classes for
; Crﬂserf instance, manifold of Kenmotsu type and C;, —manifold that

introduced and examined respectively by (Abood and Abass, 2021),
(Abass and Abood, 2019), (Abass and Abood, 2022) and (Abass and

' ‘ STNOAD Al-Zamil, 2022). Moreover, a new class found by (Yusuf and Abass,
' \ ;E;{fiﬁmm — 2023) that it is locally conformal of C,, —manifold and this class is
different from locally conformal almost cosymplectic which studied

|RH QI recently by (Al-Hussaini, et al., 2020).
Academic Scientific Journals On the other side, Curvature inheritance symmetry (CI) in

Riemannian spaces is defined by (Duggal, 1992). Moreover, (Salman

et al., 2022) studied CI in Ricci flat spacetime, whereas (Shaikh et
}ACCESS al., 2023) studied CI on M-projectively flat spacetimes.

This article divided into four sections. After the introduction is

N section 2 that devoted to reviewed the basic related definitions and

d Isc theorems. In section 3, the exterior differentiation of second group of

—_— structure equations done and the components of covariant derivative

of R determined on C, —manifold to use them in section 4. Section 4
@@@@ investigated curvature inheritance symmetry on Cy —manifold.
RY NC ND
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2. Preliminaries:

Let M be the (2n + 1) —dimensional manifold with n € Z*, V is Levi-Civita connection, and
X(M) be the € (M) —module of smooth vector fields on M.
Definition 2.1 (Chinea and Gonzalez, 1990) A quadruple (n,¢,®, g) of tensor fields on M is called
an almost contact metric (AC—) structure on M, if n is a differential 1 —form, & is a vector field
named the characteristic vector field, @ is a (1,1) —tensor field named the structure endomorphism of
the module X (M), and g = (-,-) is a Riemannian metric, such that the following satisfied:

D) =1 ii)ne®=0; iii) (§) =0; iv) * = -id+1 Q¢
v) (®X,0Y) = (X,Y) —n(X)n(Y), V X,Y € X(M).
Additionally, a manifold M equipped with an AC —structure (n,¢, ®, g) is called an AC —mani -fold.

Definition 2.2 (Rustanov et al., 2019) An AC —manifold M that satisfies the following identity:
Ve (®)Y = n(Y)Vepxé — (X, Vy&)E, for all X,Y € X(M),

is called a Cy —manifold.

Lemma 2.3 (Lee, 2013) If M is a smooth manifold and A(M) is the Grassmann algebra, then there
exists a unique operator d: A(M) — A(M) called an exterior differentiation, such that the following
properties hold:

1. dislinearon R;

d(Ay(M)) € Agy1(M), where A, (M) is the set of all @ —formson M, « = 0,1, -+;
d(w; A wy) =dw; A wy + (—1)%w; A d w,, Where wy € A, (M), w, € Ag(M);
d’=dod=0;

If feC®(M) thendf(X) =X(f),V X € X(M).

SRS R A

Notation: The range of indexes i,,k,[,t = 0,1,2,--,2n; a,b,c,d,h, f =1,2,---,n

~>>

i_{i+n; 1<i<n
“li-n n+1<i<2n’
Tba)-

LA 1 1 1
=i;0=0; Tlevl = E(T“b —Tb); Tigp) = > Tab = Tpa): Teany = 5 (Tap +

Proposition 2.4 (Rustanov et al., 2019) The first group of structure equations of C, —manifolds given

by:
do =0;dw®= -0 A @ + F® w, A w; dwg =02 A w, + Fgp 0P A w,

where: F% = V=17 5; Fop = —V—1®3,; F% =F"% Fy, = Fy,; F® = F,,. Whereas, {w'}
and {Qij} are components of the displacement forms and Riemannian connection V, respectively.
Theorem 2.5 (Rustanov et al., 2019) The second group of structure equations of Cq —manifolds given
by:

1. dof =—08 A 65+ A% w° A wg—Fp* w° A w+F% w. A w;

2. dF% = —Fcb g¢ — Fac gb 4 Fabc ¢y, + Fab ¢ + Fab0

3. dF,, =F., S + Fy. 05 + Fape 0 + Fppf w, + FP° ,

where ALY = Aty = 0and FOPel = Fopp i = 0

48

www.misan-jas.com ISSN  (Paper)-1994-697X  (Online)-2706-722X



M Misan Journal for Academic studies anialsaligbwljall jluinal=n
Vol 23 Issue 49 march 2024 2024 3 49 adall 23 Moxe

Theorem 2.6 (Rustanov et al., 2019) The components of connection forms on associated G —structure
(AG —structure) space of Cq —manifolds are given by:

0§ = —F% wy; 09 = Fyp w?; 68 =0; 6/ +6] =0.

Theorem 2.7 (Rustanov et al., 2019) The components of Riemann-Christoffel tensor R of type (3,1) of
Coy —manifild are determined as follow:

Roso = FacF; Ry = —Faboi Rape = —Far’s Ryeg = ASE + FYFye; Rijcq = —2Fq(cFipjay,
and the other components are identical zero, or deduced by the following properties:
L Rijie = Rl 2. —Rijic = Rijiu = —Rjirts 3 Rijiw = Riaiji 4 Rijia = Rygns
5.Rijir + Rikj + Rijk = 0 = Ryjir + Ryiji + Rjkir-

Proposition 2.8 (Rustanov et al., 2019) On AG —structure space for any AC —manifold, &! has the the
following values: é° =1,¢&% =0,and £2 = 0.

Proposition 2.9 (Rustanov et al., 2019) On Cy —manifold M, f‘l has the the following values:
§0=¢5=28a=¢3=0,¢=-F and ¢} =&,

Definition 2.10 (Lee, 2013) Suppose M is a smooth manifold, V' is a smooth vector field on M, and 6 is the
flow of V. For any smooth vector field W on M, define a rough vector field on M, denoted by £,,W and called
the Lie derivative of W with respect to V, by

d . dO_ep)We ()W
(['VW)p & lz=0 d(e—r)ef(p) (WG)T(p)) = _L!lm Zrip) Srip E, (1)

—00 T

provided the derivative exists. For small T # 0, at least the difference quotient makes sense: @, is defined in a
neighbourhood of p € M, and @_ is the inverse of 6, so both d(0_;)e, ) (We, () and W, are elements of
the tangent space 7;,(M).

Lemma 2.11 (Kirichenko and Kharitonova, 2012) If R is Riemannian curvature tensor of type (4,0), then the
components of its covariant derivative on space of AG —structure satisfy the relation:
dRijk — Rejia Of — Rieia 0f — Riju 0k — Rijie 0 = Rijie @* 2)

Definition 2.12 (Salman,et al. 2022) The curvature tensor R on Riemannian manifold (M, g) is called
inheritance along a vector field ¢, if R satisfies the following:
L¢R = 2¥R, (3)

where W is a scalar function. Moreover, the equation (3) can be written in local coordinates as:
R}kl,t §t— R]sz L+ Ry f,s' + Rjitl Ei + Rfkt §i=2¥ Rsz (4)

3. Covariant Derivative of Curvature Tensor:

In this section, the exterior differentiation of second group of structure equations done and the
components of covariant derivative of R determined on Cy —manifold.
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Theorem 3.1 On AG —structure of Cq —manifold, There exist smooth functions, such that the
following equalities absolutely verified:

1. dA%? = A9% 9] + A%E g — Al g — AGM 92 + Abch " + Agdh a)h + A% w;
2. dF,f = Fuf 08+ Fyf 6 — Fo 0F + Fufp o™ + Fut™ wp + Fu®® w;

3. dF. =F% 0! —F 6p —F" 68 + F* "+ F2 " w, +F% w;

4. dFabc — _Fabh Qﬁ _Fahc 9}1: _thc 9}? +Fabch wp, _l_FabrcL a)h+Fabc0 w;
5. dFabc = Fabh 9? +Fahc 91171 +thc 951 +Fabch wh+FabCh wh+Fach w;

6. dFabO — _FahO H}Il) _thO 9,?+Fab0h wp, +Fab0h wh+Fab00 )

7.

dFapo = Fano 0 + Frpo 04 + Fapon @" + Fapg' @p + Fapoo @,
where A7l = A28, | = Fablen] = pab = 0; 494 + F, + F, % = 0;
FAM — Sl FRIE = 0; A9 Fypy — Fyi = 0; FO5 — Fab € — Fad e — pbd a6 = o;
FabY + Fabh p, . —F9% o+ F" F, * + FOh F, P = 0;
Faboc 4 pab phe _ pabcd _ phb pac _ pah pbe —
Proof. By taken operator d for theorem 2.5; item 1, we get on dA%%, dF,,° and dF® as follow:

d?02 + dOZ A 65 — 62 A dOf
=dAY N WA wg+ AY dw’ A wg — AY W€ A dog — dF, .t A 0 A @

-Fpltdw® A w+F* 0 ANdw+dFYS A o, A w+ FA do, A o
—F% w, A dw.
Now, from Lemma 2.3, Proposition 2.4, and Theorem 2.5 and by reorder last equation, we obtain:
0 = (dA3 + AR 92 — A%2 gF + AFM 07 — AFE O N W€ A wgy
—(dF,* + Fy M 0F — F 2 00 — F . O A 0 AN w
+(dF% + F' 0% + FR 0F — F*% 0 A w. A @
+Ag£th]C wg N wp, AN w —Agchh]d 0 A 0" A w. (5)

Since each of dA% + AN gf — A92 Q] + AP 93 — A%Y QF, dF,.* + F, 62 — F 2 Of —
F.,% 6}, and dF% + F"S 9% + F 9¢ — F% 9! is 1 —form, then them can be written according to
the family of basis for 1 —forms on AG —structure space {0}1, w", wy,, w} as follow:

dASE + ARE o — AR O + AGR 0 — AGR 08 = AYET 0] + ARG, " + AR 0, + ALY w, (6)
dFy* + Fyp 0 — Fp ® 0f — F 2 6L = F, ) 9f + Fyc% 0" + Fp ™ wp + Fp® , (7)
dFa |, + Fh¢ |, 08 + F 0f — F96 of = F ) 0} + F9, ol + FO M w, + F9%, w (8)
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d
where {404 A%, Agdh ped s (F O p @ F, M F, 0% and (FS FeS, FSh FOS 3 are appropriate

families of smooth functions. Then the equation (5) be as follow:

0= AZ?,{Hf A w€ /\a)d+Ab[Ch]a) A w¢ A wg +Aa[dh]whAwC/\wd

+A w0 A ¢ A wg

bcthAa) Aw=Fylpo Ao Ao—=F™ o, Ao Aw

+Faghf9f A we AN w+F%, 0" A o, /\w+Fa[Ch]whAwC A w

+AZ£th]C wg N wp N w —AZ&Fh]d w¢ A 0" A w.
So, the last equation gives the following relations by changes some indexes and uses the fact:
W' A @ =—wl A @ (note that wi = w! = w; and ©° = w)

Aadf =F af — Fac f a[dh] _

bech = The bh = Apc Ab[ch] 0;

Abco + Fa%c + Fbcad =0; Fa[cbh] - AZ([Ilth]d =0; Ag([ith]d - Fb[Cah] = 0.

Now, by using the above relations with equations (6), (7), and (8), we get the result of this theorem in

items 1; 2; and 3.
In the same way, we can obtain the items 4 — 7 by applying the exterior differentiation operator
d on Theorem 2.5; items 2 and 3 and using Lemma 2.3, Proposition 2.4, Theorem 2.5, and changing

the indexes of some terms to obtain:
0 = (dF + Fhbegl + Fregp + FAPRoE) A w,

+(dF 0 4 Feb0ga  pacoghy z g 4 F“[ch] w A w€

(PO R PO AR FOAE) 0 A o

+(FOPhE, — Fb 4 Fhbp, @ 4 FOhE By (4¢ A g

+(Fabphe _ phbpac _ pahpbey g, p ¢ (9)
and

0 = (dFapc — FrpcBat — Fahceg — Fapnb) A w°

[ch] wp A W,

+(dFapo — Fcbogci - Facoglg) AN w+ Fab
+(Far’n + Faa ASh + Fpq A%H) @™ A w,
+(FapnF™ — Fot © + FupF"5 + FapF)) w. A w

+(Fabhic - thFach - athch) 0 A . (10)
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Since each of dFaP¢ 4+ Fhbc g + pahc gb 4 pabh gf g — Fppe 8 — Fope 08 — Fopp 61,

dFab0 4 Feb0ga  pacdgb and dF,p,0 — FepoBS — FacoB5 is 1 —form, then we can write them according to
the family of basis for 1 —forms on AG —structure space {9}1, o™, wy, w} as follow:

dFabe 4 Fhbegg 4 pahegh 4 pabhge = pabef ght 4 pabe yh  pabehy, 4 pabeoy, (11)
dFgpc = Fupc02 — FancOh — Fapnb8 = Fypet, 9f + Fapen @ + Fapdt @p + Fapeo @, (12)
dFeb0 + Feboga 4 pacogh = paPof gh 4 pab0, h 4 paboh ¢, 4 Fab0o o (13)
dFapo — FepoOS — FacoBS = Fypoh 6F + Fapon @™ + Fapg™ @p + Fapoo . (14)

Whel’e {Fabcf Fabc Fabch FabCO} {Fabc);u Fabch'FabCh'FabCO} {Fabof FabO FabOh FabOO} and

{F abOh, Fopd, Fapon Fanoo} are appropriate families of smooth functions. Then the equations (9) and (10) be as
follow:

0= (F7 0} + FOb¢ wh + Fabeho, + FPOLY A w,
+(Fabf?f O + F wh + FAPh ) A w + Fa[ch] o A w
+(F M + FO AR + FP AGH) wp, A 0F
+(F"Fye — FO0 + F'PF, ® + FORF D) 0 A w
+(Fabhic _ thFach _ Fathch) W, A W

= (FabC£ O}L A we + F%¢ o A w, + FLR g, A w, + FPC0 A w,)

+(FPYS 0F A @+ F% " A w + FP" o A @) + Fp 0" A o
+(FPM w0, A €+ F4 AP wp A 0 + FP2 A @, A @)
+(FPE, 0 Aw —F® ( wCAw+ FE,* 0’ Aw + FF, P 0 A )
+(Fab, Fhe — phbpac _ pahpbey g A g

and

0= (Fabcj;L 9}’ + Fapen @ + Fp t wp + Fapeo @) A @€
+(Fab0£ 9}’ + Fapon ©" + Fppdt wp) A @ + Fab[Ch] wp N 0,
+(Faph + Faa ABf, + Fpa AZR) @ A w,

+(FabhFhC - Fabc 0 + thFhCa + FahFth) W¢ ANw
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+(Fap Fre — FnpFac™ — FanFp™) 0° A w

(abchef/\w +Fab[ch]w A w€ +Fabc wp N W+ Fapeo 0 A 0°)

+(Fpon Gf A 0+ Fapon @™ A w+Fab0 wp N W) +Fb[Ch]

+( bhw /\(L)C+FadAd (l) /\(L)C+deAd (l) /\(l)c)

(l)h/\(,()c

+(FapnF™ w, A w — F i w, A @ + FppF", w A 0 + Fup F'%) . A )

+(Fap Fre 0 A @ = FppFa @ A @ — FopFp* 0° A w).

These equations given us the next relations after changing indexes of some terms:

— f _ pabcf, _ f _ pabof,
O_Fabch_F h’ O_FabOh_F h’

0 = Fapyeny = FO0LeNl; 0 = F L Fab
0 = Fape' = Fap'c = Faa Afe — Fpa AGE;

0 = Fab¢ _ pabc _ pad gbc _ pbd gac.

0 = Fapco = Favoc = Fap ' Fre + FrpFad' + FanFpl®;

0 = Fabed _ paboc _ pab phe | phbpac 4 pahpbe .
0 = Fppd + FapnF — F o0 + Fppy F', + Fop FS,;

0= FabOC + Fabhic _ FalCJO + thica + FahFth.

Now, by using the last relations with equations (11), (12), (13), and (14), we obtain the result. m
Theorem 3.2 On the AG —structure space for the Cy —manifold, the components of VR are given by:

Ropcan = Fop F/® Fop = Fy % + (AfE + F*Fye) Fap;
Robean = Foeo Fah — Fbcdhi

10. Rapeao = Apeo + FO%F, + F Fyo;

11. Rapean = AL, + F* Fye + FO Fyep + FO% Fyp + F9 Fop;

1. Rogpoo = Faco F€ + F,. F°P0;

2. Roapon = FachF + Fye F4 + F”L Fpp;
3. Roapos = Fac F + Fye FPM + F, P FIN,
4. Roapo,o = —Fapoo;

5. Roavo,n = —(Fapon + ZFbafth)i

6. Roavor = _Fabohi

7. Ropcao = _Fbcdo;

8.

9.
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12. Rapean = Ape" + FOUMFy + FO Fy M + Fp ? FO + F,,% O,
13. Ravca,0 = Faao Fpc + Faa Foco = Faco Fpa — Fac Foaos
14. Rabcd,h = Faan Fyc + Faa Fpcn — Fach Fva = Fac Fpans
15. Rabcdﬁ = Fadh Fyc + Faq Fbch - Fach Fpaq — Foc deh:

and the remaining components are identical to zero or can determined by the properties of R in
Theorem 2.7.

Proof. The results obtain from equation (2) by taking:
(ll iljl kl) = (0;0; ar E)r (0;0; ar b); (61 0) ar b)l (d\i al b; C)I (dl al b; C);

t=0,hh
and look at Proposition 2.4 and Theorems 2.5, 2.6, 2.7, and 3.1
1. (Li,j,k)=(00,a,b); t=0,hh
Roasoo @° + Roapon @™ + Rogsof wh = dRoap50 ~ Raabo 9(’} — Ronso 94 — Roafo ‘9113?L — Roasn 68
Roasoo @ * Roason " + Roasofi Wn = (dFac) F& + Foe dFPFPG Fypw! — FupcFP 6
+Fy F* OF + F? F wp
Roasoo @ *+ Roason @" + Roasoi Wn = (Faco F + Fae F0 ) + (FaenF + Foe F,
+FT Fr)ah + (Fpt FeP
+Fye FP" 4+ F, P FIMwy,.
Rogbo,0 = Faco F° + Foe F°,
Roapop = FacnF + Fae F + F*! Fen,
Roasosi = Fac" F + Fye FOM 4 Fy P FIM.

2. (Li,j,k)=(00,ab); t=0hh

Roabop @ + Roavon @™ + Roapoi @n = dRoano — Riapo 08 — Ronbo 08 — Roano O — Roabn o}
= —dFap0 = Fpg" Fapw” + Fupo OF + Fano 6f
—Fp Fppw”
= —Fapoo @ — (Fgpon + ZFbaf Frp)w" — Fapgt wp
Roabo,0 = —Faboo

Roabon = —(Fapon + 2Fbaf Fep),

_ h
ROaboﬁ = —Fapo -
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3. (Li,j,k)=(¢0,a,b); t=0,hh
Roabéo @ + Roapen @™ + Roapen @n = ARoabe — Riape 08 — Ronve 04 — Roaoe 05 — Roane 0f

~Roapo 02 — Roapi OF

= —dF,,f + (A% + F"Fy,) Fppol + Fy,f 6
+FopFIC Fppa® + Fpf OF + Fapo Fwy, + Fyt 6F
= —Fo® @+ (Fapo F"" = Fo™) wp

+((Aly + F Fap) Fpn = Failp + FapF/€ Fyp) o
Roabeo = —Far’ %,
Roaben = (A£1c; + FIFap) Fp = Fap'n + FagFT€ Fyp,
Roapei = Fapo F — Ft™

4. (i,j,k,D) = (@,b,c,d); t=0hh
7 i
Rapeao @ + Rapean ©" + Rapear @" = dRapea — Ropea 08 — Rivea 04 — Raoca 05 — Ranca 04

—Rapoa 93 — Rapna 9ch — Rapco 93 = Rapen 9§

= dA%? + (dF%Y)F,. + F** dF,. + F,.* F*w,

+(AM + FhaE, ) 82 + F¢ Fppo™ + FY% F o™

—(AR% + FOFy.) 6f — (ASh + F®Fy,) 6F

+F,,* F&w, + (A%h + FOrE, ) 64
= (A3 + F*OF,. + F* Fp0)w + (Ajd, + F*Fye

+F Fyep + F¢ Fyp + F% Fop)o™ + (A53"

+Fedhp, + Fed F Ry F 4 FOR 4 FLG FARYg,
Rapeao = Abdo + FO%F,, + F* Fp,
Rapean = Aoy + F Fype + F* Fyop + FO8 Fyp + F9G Fgp,
Rapearn = AR + Fodhp, + Fod fy M+ Fy 4 FOh + F@ FIR,

5. (i,j, k1) = (a,b,c,d); t=0hh
Rabeao @ + Rapcan ©" + Rapears @ = ARapea — 08 Rnbea — 04 Rasica — 02 Ravha — 04 Raben

= —d(FycFpg — FaaFpe) + (FhcFoa — FraFpc) 04

+(FacFna — FaaFne) 608 + (FanFpa — FaaFpn) 62
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+(FacFon — FanFyc) 04

Rapeao = FaaoFpc + FaaFbco = FacoFpa = FacFpaos

Rapean = FaanFoc + FaaFben — FacnFoa — FacFpan,

Rapeai = Fad'Foc + FaaFoc" = Fac"Foa = FacFpd™ u

4. Curvature Inheritance on C9 — manifolds:
In this section we study curvature inheritance on Cy —manifolds.

Theorem 4.1 The Cy —manifold has a curvature inheritance if and only if there exist an arbitrary scalar
function ¥, such that the following equalities hold:

Faeo FP + F,. FP0 = WE, F¢b, (15)

Faboo + 2F" FanFeyp = 2WFapo, (16)

F 0 + F Fp, = 2WF,,°, (17)

A% + FOOF, 4 FAdp, o= 2W(A%E 4 FAdF, ), (18)

Faao Foc + Faa Foco = Faco Fpa — Fac Fpao = 2¥Y (FaaFbe — FacFpa)- (19)

Proof. We can obtain the result from equation (4), Theorems 3.2 and 2.7, Propositions 2.8 and 2.9
and taking:

(,i,j,k,) = (0,0,a,b),(0,0,a,b),(¢,0,a,b),(d,a,b,c),(d,ab,c);
t=0,hnh.

1. (i,j,k,1) = (0,a,b,0)
RgBo,o + R%Bo f,@ + Rano 5,% =2¥ R350
FacoF? + FyeFP0 + FopoF"P + Fop FP0 = 2WE, FP
FaueoF P + Fy FPO + F, oFP + E, F€P0 = 2WE, .F°P
2F,oF€? + 2F, F°P° = 2WF, FP

2. (i,j,k,1) =(0,a,b,0)
Ropoo *+ Rapo &+ R 'f,fz; = 2% Rgyo
Faboo + 2F"FynFpyp = 2¥Fgpo.

3. (,j,k1=(0,a,b,0o)
Rgz;o,o + Rppe &L + RO §F =2WR,.

Fuf° + F*S Fpy = 2WF, .
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4. (i,j, k1) =(ab,cd)

a h a a h a h h _ a
Rycao ~ Rpea S + Rpca $b + Ryra $c T Roen §qg = 2¥ Ryeq

A4 + FAOp,  + FAAE, o = 2W(A% + FA9F, ).
5. (,i,j,k)=(d,a,b,c)

. h . — . - R N R
Rgcd;o - R{)lcd E,d + R}%m E’lg + Rgﬁd Eré + Rgcﬁ ‘E’cl =2¥ Rgcd

FadOFbc + FadeCO - FacOde - FachdO = ZqJ(Fadec - Fachd)- u
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